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Abstract 

We construct a seven-dimensional brane world in a slice of AdSj, where 
the boundary matter content is fixed by the cancellation of anomalies. The 
seven-dimensional minimal M = 2 gauged supergravity is compactified on the 
orbifold S^/Z2, and the supersymmetric bulk-boundary Lagrangian is consis- 
tently derived for boundary vector and hypermultipets up to fermionic bilinear 
terms. Anomaly cancellation then fixes the boundary gauge coupling in terms 
of the seven-dimensional Planck mass, and a topological mass parameter of 
the Chern-Simons term. In addition for gauge groups containing the standard 
model, anomaly cancellation restricts the gauge groups on the six-dimensional 
boundaries to be only one of the exceptional groups. There are also special 
values of the separation of the two boundaries, where the boundary couplings 
become singular, and lead to a possible phase transition in the boundary the- 
ory. Furthermore, by the AdS/CFT correspondence our brane world is dual 
to a six-dimensional conformal field theory, suggesting that our bulk theory 
describes the strong coupling dynamics of six-dimensional theories. 



1 Introduction 



It is an indelible fact that the particle content of the low-energy world is anomaly 
free. The cancellation of anomalies is a crucial guiding principle, especially in theories 
beyond the standard model. We are accustomed to the cancellation of anomalies in 
four dimensions, but as string theory has taught us the cancellation of anomalies 
in higher dimensions also leads to powerful constraints. Recently, the idea that we 
live on a brane in a higher-dimensional spacetime has led to new possibilities for 
physics beyond the standard model. In the brane world, where the geometry of 
extra dimensions can naturally account for hierarchies E] , one would expect that 
anomaly cancellation can further lead to constraints on the matter content. 

In this regard, the archetypal model is due to Horava and Witten [3., where it 
was shown that eleven- dimensional (IID) supergravity compactified on the orbifold 
S'^/Z2, uniquely fixes the gauge group on the ten-dimensional (lOD) boundaries. This 
restriction arises due to the cancellation of the ten-dimensional anomalies. This is 
unlike the brane worlds constructed in five dimensions where the boundary gauge 
group is not restricted by any local anomaly, although global anomalies may impose 
some constraints However, gravitational anomalies also exist in six dimensions [S], 
and this places nontrivial constraints on six-dimensional (6D) theories [HI 13 El El • In 
this paper we will show that in seven- dimensional (7D) brane worlds the gauge group 
structure and matter content on the boundaries will be similarly restricted ^Ul- Of 
course, the dimensional reduction of the Horava- Witten (HW) model automatically 
gives rise to brane worlds in seven dimensions, that are anomaly free. But our analysis 
will be general, and we will construct seven- dimensional brane worlds which satisfy all 
the anomaly constraints and do not necessarily arise from the dimensional reduction 
of the HW model fn\T2\. 

Our starting point will be the minimal Af = 2 7D gauged supergravity. The 
ungauged theory is obtained from the compactification of M-theory on K3 or, equiv- 
alently, from the compactification of strongly coupled heterotic theory on ^^1 • The 
compactification produces twenty two vectors resulting from expanding the eleven- 
dimensional three-form on the 62 = 22 two-cycles of the K3. Three of these vectors 
are members of the gravity multiplet, whereas the remaining nineteen fill vector mul- 
tiplets of the M = 2 7D theory. Each vector multiplet also contains three scalars, 
and the 57 total scalars parametrize the coset space 5*0(19, 3)/S'0(19) x 5*0(3), for 
which an 50(3) x H or 50(3,1) x H subgroup of 50(19,3) can be gauged. The 
corresponding gauged supergravity has been constructed in Ref. ^Ij, and it is inter- 
esting that this theory admits a one-parameter extension which contains a topological 
mass term for the three-form. A supersymmetric gauged theory can be obtained af- 
ter introducing an appropriate potential for the scalar field (corresponding to the K3 
volume). The scalar potential has two extrema, leading to either a supersymmetric or 
non-supersymmetric vacuum JH]- The supersymmetric vacuum has a negative cos- 
mological constant implying that the vacuum in the gauged theory is not Minkowski 
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spacetime but rather anti-de Sitter, AdSj. The AdS-/ vacuum with M = 2 supersym- 
metry has been considered in the context of the AdS/CFT correspondence |16j, and 
was shown to be the supergravity dual of the 6D A/" = (0, 1) SCFT [T7] . 

The minimal M = 2 7D gauged supergravity may be compactified down to six 
dimensions on S*^, even in the presence of a cosmological constant as was shown in 
Ref. [IB], where the non-chiral M = (1, 1) 6D theory was obtained. However, we are 
interested in the chiral A/" = (0, 1) 6D theory because in this case vector, tensor and 
hypermultiplets can couple to gravity in a way that is restricted by anomalies. In 
particular, the possibility of vector multiplets on the 6D boundaries allows one to 
construct theories which contain the standard model gauge group. Thus, we need to 
find a way to obtain the chiral 6D theory from the 7D gauged supergravity. 

An immediate way to obtain the 6D chiral theory is to compactify on an orbifold 
5*^/^2. This is similar to what happens in the HW model except that in our 7D 
scenario the vacuum is AdST, and not Minkowski. This difference in vacua means 
that the boundary branes must now have a tension. In fact, compactifying the AdS^ 
vacuum on an orbifold is analogous to similar compactifications of the supersymmet- 
ric Randall-Sundrum model in a slice of AdS^ [121 120] • By adding suitable boundary 
potential terms, which at the AdSj minimum become the brane tensions, we will 
see that the vacuum of our seven- dimensional brane world becomes a slice of AdSj. 
Besides the localized gravity multiplet there will also be a localized tensor and hy- 
permultiplet in the resulting 6D A/" = (0, 1) chiral theory. 

However, unlike the five-dimensional case, the resulting spectrum in a slice of 
AdSj is anomalous because in six dimensions there are gravitational anomalies, like 
in ten (and two) dimensions. In order to cancel these anomalies we are then forced 
to introduce boundary fields such as vector, tensor and hypermultiplets |TIT. This 
leads to a restriction of the possible boundary gauge groups and matter content on 
the boundaries. In particular, for the case of one tensor multiplet, we will see that 
for gauge groups containing the standard model, only exceptional groups are allowed 
with a restriction on the number of generations transforming in the fundamental 
representation. This is one of the main results of our paper. 

Furthermore, the locally supersymmetric bulk-boundary couplings are derived 
for the case of boundary vector and neutral hypermultiplets. In the HW scenario 
the Bianchi identity for the four-form field strength had to be modified in order to 
obtain a consistent coupling between the boundary gauge couplings and the bulk. 
In our scenario a similar modification for the Bianchi identity will be needed as 
well. In addition the anomaly cancellation conditions fixes a dimensionless ratio, t], 
as in the HW scenario, except that t] now relates the 6D gauge coupling, the 7D 
gravitational constant and a topological mass parameter of the Chern-Simon term. 
For the neutral hyper multiplet in the 6D theory, whose analogous multiplet does 
not exist in the IID HW theory, we also construct the locally supersymmetric bulk- 
boundary Lagrangian. In particular we will need to modify the Bianchi identity of 
the two-form field strength resulting from the bulk gauge field corresponding to the 
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gauged R-symmetry. This modification is crucial in showing that the scalar manifold 
of the boundary hypermultiplets is indeed quaternionic, as expected for a locally 
supersymmetric theory. The derivation of these bulk-boundary couplings comprises 
the second main result of our paper. The case of boundary tensor multiplets is more 
complicated and their couplings will be presented elsewhere. 

There is also an interesting novel phenomenon in our 7D brane world scenario, 
that is not found in the HW model. In the cancellation of the mixed anomaly terms 
by the Green-Schwarz mechanism, the coefficient of the boundary kinetic terms of 
the gauge couplings is related to the separation between the UV and IR brane. In 
certain instances, there is a critical separation for which the boundary kinetic term 
vanishes. This signifies that the gauge theory on the boundary becomes infinitely 
strongly coupled and suggests that a phase transition occurs which may be related 
to tensionless strings. Moreover, just as there is a dual description of the HW theory, 
where the strongly coupled lOD Eg x Eg heterotic string theory is described by the 
IID HW theory, we also have a similar dual picture in our model. By the AdS/CFT 
correspondence [1^], suitably modified for the addition of boundaries [211 1221 123] , our 
seven-dimensional supergravity model is dual to a strongly coupled conformal field 
theory (CFT) in six dimensions [^, where the gauge and matter fields on the UV 
brane are fundamental fields added to the CFT, while the gauge and matter fields 
on the IR brane are bound states of the CFT. It remains an intriguing question to 
further understand these hybrid six-dimensional conformal field theories. 

The outline of this paper is as follows. In Section 2 we compactify the 7D su- 
pergravity Lagrangian on the orbifold 3^/7^2, and identify the surviving 6D super- 
multiplets. By adding boundary potential terms we construct a 7D brane world in a 
slice of AdSj, with localized gravity. In general this supersymmetric brane world is 
anomalous, and in Section 3 we derive the constraints needed for the cancellation of 
the gauge and gravitational anomalies. In particular we will see that the anomalies 
must be cancelled locally at the orbifold fixed points, as well as globally. Explicit 
examples of the anomaly cancellation constraints are given in Section 4. In Section 
5 we derive the consistent locally supersymmetric bulk-boundary Lagrangian up to 
bilinear fermionic terms. We consider boundary vector multiplets and neutral bound- 
ary hypermultiplets. In the case of boundary vector multiplets the cancellation of 
the anomalies fixes the boundary gauge coupling in terms of the 7D gravitational 
constant, and a topological mass parameter. For the neutral boundary hypermulti- 
plets we will show how the modified Bianchi identity is crucial in order to obtain the 
quaternionic structure of the scalar manifold. In Section 6 we mention the possibility 
of a phase transition when the two boundaries reach a critical separation, and com- 
ment on the dual correspondence of our model. Finally our conclusions are presented 
in Section 7. Note that our conventions and notations are summarized in Appendix 
A and details of the gravitational Chern-Simons term are given in Appendix B. In 
Appendix C all possible solutions satisfying the anomaly constraints with one tensor 
multiplet are tabulated. 
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2 The 7D supergravity Lagrangian on j^Li 

The minimal M = 1 7D supersymmetry has an SU{2) R-symmetry group and the 
supersymmetry multiplets are 

{AM,Ai^,^^),M,N = 0,...,6, i,j = l,2, vector multiplet 
{gMN, Amnk, Am'^ , 0, tpM, x') , gravity muhiplet 

The vector multiplet contains a vector Am, an SU{2) triplet of scalars Ai^ and an 
SU{2) pseudo-Majorana spinor ■?/'*, whereas the gravity multiplet contains the gravi- 
ton gMN, an antisymmetric three-form Amnk, an SU{2) triplet of vectors Am^'' , a 
scalar and the SU{2) pseudo-Majorana gravitinos ip^^ and spinors x*- The SU{2) 
R-symmetry can be gauged and the resulting A/" = 2 7D gauged supergravity with 
an antisymmetric two- form Bmn (the dual of the three-form Amnk) has been con- 
structed in Refs. [2111^5 while the one with the three- form in Refs. |T^IT^ ITH]. The 
coupling of n vector multiplets to the TD M = 2 supergravity leads to the irreducible 
multiplet 

{qmn, Bmn, Am, 0°, ip, x", ^m) , I = I, ...,n + 3 , a = l,...,n, a = 1, 3n, 

where the scalars parametrize the coset S0{n,3)/ SO{n) x 5*0(3) as discussed in 
Ref. [21. 

Let us now consider the pure A/" = 2 7D gauged supergravity with no vector 
multiplets. This theory is described by the Lagrangian [TH UHl HE] 

^'e~'C = li? - ^F^Q - ^Fmn^F^^; - ^idM^Pf - ^xT^PmX. 

-l^l.T'^'^^v^^K^ - ^ (^^^.r^^^^^v^H, + ^^Vf ) Fmn^ 

^.^^KMNPQR^^^ + i^^'T^^^f) FmnPQ 
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where Fklmn = ^d[K^LMN] and is the 7D Newton's constant. The local super- 
symmetry transformation rules are 

Set = ]fT^^M^ , (2.2) 

in 2 
^ToTl '''''' ~ ^^^^""^ ^ ~ ^ha')TMei , (2.3 

S^MNK = ~-J='^[M'^NK]^i H — 7=X*rAfAf_fcej , (2.4 
2v2 vlO 



= '-^(^^pie,-^6i^|Jl,ek^-'-^(^x'^ , (2.5 



-V5(m + -/ior^)ei , (2.6 
5 

H = \e'x^ ■ (2.7 
The notation here is 

VuXi = dMXi + ^^^MAsT^^Xi + ig^Mi^Xj , m = , (2.8 

FMNi^ = dMANi^ + igA^u^ANk^ -M ^ N , a = exp > (2-9 

where g is the SU{2) coupling. The potential of the scalar is 

V{4>) = + SOhma^ - SOm^ , (2.10 

which has (for h/g > 0) two extrema, a non-supersymmetric local minimum and a 
supersymmetric local maximum [15]. The latter is the supersymmetric AdSj back- 
ground, and so the M = 2 7D supergravity theory does not possess a Minkowski 
vacuum. Although there exists no stable Minkowski vacuum, one can still perform a 
dimensional reduction of the theory (even in the presence of a cosmological constant). 
This is done by writing the 7D metric in the standard Kaluza-Klein reduction form 

ds^ = gMNdx'^^ dx'^ 

= e-^''^g^^{x^)dx^'dx'' + e^^'"^ {dx'' + A^dx^'Y , (2.11) 

where the theory is reduced along x'^ . For the theory ()2.H) . this has been performed 
in [IH], and the resulting dimensional reduction produces the N = (1, 1) 6D super- 
gravity theory. The 6D spectrum obtained after appropriate rescaling, and redefini- 
tion of the various fields is 

(,9^iu, ^, Afj_, Af^^p, Ap^, Api^ , Ai^ , 0, ip^^, ■?/'*, x*) . 
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Before the redefinitions the 7D graviton qmn gives rise to a 6D graviton g^y, a scalar 
g-j-j = and a vector (graviphoton) (7^7 = A^. From the three- form Amnp we get 
a 6D three-form A^,^p and a two- form ^^1,7 = A^,^, from the SU{2) vector Ami'' we 
get a 6D SU{2) vector A^j-' and A^-' = Ai' , from the 7D gravitino we get a 6D 
gravitino ■j/^^ and a spinor ipj = ip^, while the 7D spinor gives rise to a 6D one x*- 
Dualizing the three-form A^^^p into a vector 5^ we have the A/" = (1, 1) 6D massless 
spectrum 

{g^y, A^, A^y, A^i^, (f), ip'^, x') , gravity multiplet 
(-B^, Ai' , ^, '?/'*) , vector multiplet 

It should be noted that the Poincare (ungauged) theory is obtained by dimensional 
reduction of IID supergravity on a K?) surface. In this picture, the Chern-Simons 
term in ()2.1|) results from the corresponding term in IID where the parameter h 
is proportional to the F4 "fiux" through K?). The IID supergravity Lagrangian is 
invariant under — — provided that the three- form of the IID gravity multi- 
plet transforms as A3 — > —A3. Similarly, the 7D supergravity Lagrangian, (j2.1|l is 
invariant under x-j — X7 provided we have 

Amnp -Amnp , Ami' -Ami' , -h, m ^ -m , (2.12) 

which is actually the transformations inherited from the IID parent theory. As the 
Z2 transformation — >■ —x^ is a symmetry of the theory, we can mod it out, by 
considering the compactification on j^L^- Thus the only fields which survive at the 
orbifold fixed points are the Z2 singlets. It is not difficult to see that the Z2 parity 
assignments consistent also with the supersymmetry transformations in Eqs. ()2.2|) - 
(EHj) are 

Qi^v, A^,y, (j), ^, Ai\ xV' ^+ even parity 

A^, B^, Af,i\ ^p'^^, ^- odd parity 

where the ± indices refer to the chirality of the 6D reduced spinors. In addition 
for the supersymmetry parameters we have that e_ is even whereas e+ is odd. The 
odd-parity fields are projected out while the even-parity fields survive the orbifold 
projection and are organized in 6D J\f = (0, 1) representations. At this point let us 
recall that the massless representations of the (0, 1) supersymmetry in 6D, labeled 
by their SU{2) x SU{2) representations are 

(i) gravity: (1, 1) + 2(i, 1) + (0, 1) , 

(ii) tensor: (1, 0) + 2(i, 0) + (0, 0) , 

(iii) vector: (i, i) + 2(0, i) , 

(iv) hyper: 2(i, 0) + 4(0, 0). 

Consequently, the gravity multiplet contains the graviton, a self-dual two-form field 
and a gravitino, the tensor multiplet contains an anti-self dual two-form field, a 
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scalar and a spinor (tensorino), the vector contains a vector, and a gaugino, while 
the hypermultiplet consists of four scalars and a spinor (dilatino). It should be noted 
that all spinors are symplectic-Majorana, and that the gaugino and gravitino have the 
same chirality (left-handed), opposite to the tensorino and dilatino (right-handed). 
Thus, the surviving fields on the orbifold S'^/Z2 are arranged into the following 6D 
multiplets 

{9,u,A+^,ij;), gravity (2.13) 

{A-„^,X'), tensor (2.14) 

{Ai\^,'ilj') , hypermultiplet (2.15) 

where ip^^ = are left-handed symplectic Majorana-Weyl fermions while = X+ 
and ip^ = are right-handed. 

It is also interesting to point out that the 6D multiplets ()2.13|) - ()2.15|) . only exist 
due to the orbifold compactification. Instead if we had compactified on then 
for nonzero h, the two-form A^^^ becomes massive by eating the Nambu-Goldstone 
bosons, in a generalized Higgs mechanism ^H] • However by compactifying on the 
orbifold, the fields are projected out and the two-form A^^, remains massless. 

Clearly, the 6D spectrum (j2.13p - (|2.15|) at the orbifold fixed points is anomalous 
and the only way to make sense of such a theory is to introduce extra vector, hyper, 
and tensor multiplets at the fixed points in such a way as to cancel any anomalous 
contribution. 

2.1 7D Randall- Sundrum vacuum 

The compactification of the 7D solution on an orbifold results in an A/" = (0, 1) 6D 
theory with the massless spectrum ()2.13|) - ()2.15|) . provided that under xj — > —xj 
Eq. ()2.12|) is satisfied. However, these relations do not necessarily respect the su- 
persymmetry transformations ()2.2|) - ()2.7|) at the boundaries. For example, since the 
parameters h and m are odd at the orbifold fixed points, the variation of the kinetic 
energy terms will produce (5-function terms. In order to make the truncated theory 
on the orbifold supersymmetric we must introduce six-branes at the orbifold fixed 
points with specific boundary potentials. This is very similar to the five- dimensional 
supersymmetric Randall-Sundrum model ^31201, where supersymmetry requires the 
introduction of brane tensions. 

In the Lagrangian (|2.H) and supersymmetry transformation rules (|2.2|) - (j2.7|) let 
us make the replacement (with y = xj) 

h-^h[e{y)-e{y-7TR)] , (2.16) 

and similarly for m, where e{y) = 1(— 1) for y > 0{y < 0). If we introduce the 
boundary potential term 

So = j d^x I dy,/^20{m - ha') [6{y) - 6{y - ttR)] , (2.17) 
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on the six-branes located at the orbifold fixed points y*, then the complete action 
will be supersymmetric. The supersymmetric vacuum is the one in which the Killing 
equations 

5'^|JM^ = 5x^ = ^ . (2.18) 

are satisfied. Assuming that all bulk fields are zero except for the scalar (p we find 
from Eq. (j2T8|l that 



Substituting this vacuum expectation value back into the bulk Lagrangian ()2.1|) and 
boundary action ()2.17p we obtain the action 

5 = 5*7 + S'(o) + S{^T,R) , (2.20) 



S-j = I (fx / dy^/^ 



2 ^ 



(2.21) 



V) = J d'xy^e [Cir) - Air)] , (2.22) 

where ge is the induced metric on the six-brane located at y*, and M = is the 
7D Planck mass. The cosmological constants are given by 

At = -15M^A;2 ; A(o) = -A(nR) = lOM^k , (2.23) 

where 
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(2.24) 



The Einstein equations for the combined bulk and boundary action ()2.20|) can be 
solved to obtain a seven-dimensional Randall-Sundrum solution 

ds^ = e-^'\y\dxl + dy^ , (2.25) 

where < y < ttR and k is the AdS curvature scale which is given by ()2.24p . 
Note that supersymmetry automatically guarantees the fine-tuning conditions ()2.2Hj) 
required to obtain the Randall-Sundrum solution. This leads to a slice of AdSj, where 
the 6D gravity multiplet is localized on the UV brane at y* = 0. The localization of 
the gravitino on the UV brane follows from the fact that in the AdS^ vacuum, the 
gravitino has a mass term 

m3/2 = h [eiy) - e{y - ttR)] , (2.26) 
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which leads to the zero mode wave function "(p^ oc e^a'^lyl for the left-handed Tpf' . 

On the other hand the tensor and hypermultiplets are localized on the IR brane. 
For the tensor multiplet the simplest way to see the localization on the IR brane is 
to note that in the AdS-j vacuum, the scalar in the tensor multiplet has a bulk mass 
term 

ml = -8A;2 + 8A; [5{y) - 5{y - nR)] , (2.27) 

which leads to a zero mode wavefunction 0^°^ oc e^'^'^L Similarly one can check 
that the right-handed tensorino, x obtains a wavefunction x^^^ oc ea'^l^'l, which is 
consistent with supersymmetry. This follows from the fact that in the AdSj vacuum 
the tensorino has a bulk mass term 

m^ = ~k[e{y)-e{y~nR)] . (2.28) 

Thus by supersymmetry the tensor field in the tensor multiplet must be localized on 
the IR brane. 

For the hypermultiplet we notice that the scalar is identified as the radion and 
from an analysis similar to that studied in 5d we find that the radion is localized on 
the IR brane |2ZI. Thus by supersymmetry we expect the remainder of the component 
fields in the hypermultiplet to be localized on the IR brane. 

3 Anomaly cancellation with a boundary 

So far the compactification of the 7D solution has resulted in a theory with a tensor 
and a hypermultiplet coupled to gravity, which are localized at one of the two bound- 
aries. However, this 6D theory containing only a gravity, hyper, and tensor multiplet 
is anomalous. The only way to make a consistent jTL^ compactification of the 7D 
M = 1 theory is to introduce matter on the boundaries such that the complete theory, 
bulk plus boundary, is anomaly free. Unlike the five-dimensional case where there is 
no anomaly constraint, and arbitrary matter can be added to the boundaries |19j . 
in our seven- dimensional slice of AdS, we will see that anomaly cancellation restricts 
the boundary matter content. In particular, the anomaly must be cancelled both 
locally on the boundaries of the 7D orbifold as well as globally by a Green-Schwarz 
(GS) mechanism [2H1- Local cancellation is necessary because otherwise the boundary 
theory would be anomalous, while global cancellation is required since the 7D theory 
when reduced to 6D gives rise to massless fields which contribute to the anomaly. 

3.1 Local Green-Schwarz cancellation 

For a Green-Schwarz mechanism to take place, a necessary condition is that the 
irreducible part of the anomaly cancels. Here we will examine the cancellation of 
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the irreducible part tri?^ of the gravitational anomaly such that it cancels locally on 
each boundary. There are four contributions to the gravitational anomaly on each 
boundary coming from the gravity, vector, tensor, and hypermultiplets. The total 
gravitational anomaly from the bulk fields (the gravity, tensor and hypermultiplet) 
is 



Agrav 
•^bulk 



5760 



243 tiR^ - ^(tri?2)2 



(3.1) 



where A = (27r)^/8, with /§ the anomaly eight-form. This anomaly is distributed 
evenly [22] between the two boundaries at = 0, ttR as 



Agrav 
•^bulk 



1 



+ 



2 ■ 5760 
1 

2 ■ 5760 



243 tri?^ - — (tri?2)2 



243 tri?^ - 



4 
225 



(tri?- 



2\2 



(3.2) 



To cancel the anomaly locally, an appropriate amount of matter must be added to 
each boundary. If there are Ny vectors, Nu hypers and Nt tensors at Xj = 0, and 
Ny vectors, Nh hypers and Nt tensors at xj = ttR, then their anomaly contribution 
is 



Agrav 
bound 



1 



+ 



5760 
1 

5760 



2\2 



{Nv-Nh-29Nt) tiR^ + -{Nv-NH + 7NT)itrR: 
{Nv-Nh-29Nt) tiR^ + ^{Nv-NH + 7NT){tTR'^f 



S{xj) 

6{x7 — ttR) . 
(3.3) 



Cancellation of the irreducible part of the anomaly in (j3.2j) . then leads to the condi- 
tions 



Nh + 29Nt - N^ 



243 

y = — - 15n, 
243 

Nh + 29Nt -Nv = — + 15n , 



(3.4) 
(3.5) 



where we have included a bulk contribution arising from a gravitational Chern-Simons 
term, that only gives a meaningful solution for half-integral values of n (see Appendix 
B). This can also be thought of as the branes having a "magnetic" charge [201 • Thus 
we obtain for N = Nh + 29Nt - Ny, and N = Nh + 29Nt - Nv the constraint 
N + N = 243. Then, the remaining reducible part of the total gravitational anomaly 
is 



grav 



128 



n 



Nt-4: + -) {iiRy6{xj) + 



128 



Nj 



n 



-) {iiRy6{xj-'KR) . 



(3.6) 
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Let us now consider the gauge and mixed anomalies. The requirement of local 
anomaly cancellation for two six-branes located at the fixed points xy = 0, nR of the 
Z2 orbifold means that the gauge group should be QiX Q2, where each Qi group is lo- 
calized on one of the two fixed points (for simplicity we will only consider semisimple 
Qi). The pure six-dimensional anomaly is formally described by an anomaly polyno- 
mial eight-form, /g. Thus, mathematically we require that the anomaly eight-form. 
Is should satisfy 



diiFfdtiFi 







(3.7) 



where Fi,F2 are the gauge field strengths of the Qi x Q2 gauge group. On the 7D 
orbifold this condition simply means that there is no matter charged under both the 
gauge groups located at the fixed points and the only interaction between the two 
six-branes is purely gravitational. Consequently, the eight-form /§ is written as 



Ii'' + I 



(2) 



(3. 



where are the anomaly polynomial for the boundary theories at 0,7ri?, re- 

spectively. Then, by Eq. ()3.7p . Jg 
written as 



(1) 



(2) 

and Jg , appropriately normalized, are explicitly 



r(l) 



r(2) 



] (1 - ^ + 1) {tmr + itrfl^Af ' - |.Y<"] Hx,) . 

5{x7-7rR) , (3.9) 



1 - 



Nt 



{trR'Y + hrR'xP-lx., 



(4) 
2 



where X]-"'' are defined as jSI] 



X^^ = TrFp-J2n^t^^F[ 



1,2 



(3.10) 



As usual, Tr denotes the trace in the adjoint representation, tr^ the trace in the 
representation Rj of the group Qi, and rii is the number of hypermultiplets in the 
representation Rj. For the GS mechanism to work in this case, we demand the local 
factorization (omitting ^-functions) 



where i = 1, 2 and, 



rii) 



rii) 



CitiR^ + aitrF^ 



rii) fii) 



fii) 



tiR^ + bitrF^ 



(3.11) 



(3.12) 



andci,C2 are |(1 — A^t/4+ti/8), |(1 — A''r/4 — n/S), respectively. Then, the anomalies 
Ig^^ , Jg^'* vanish by a local GS mechanism at Xy = and Xj = irR, respectively. 
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A simple inspection of Eq. (j3.9|) reveals that such a factorization may be problem- 
atic due to the X^'^^ term. Indeed, 

xl'^ = TTF^'-J2n,tT,Ft, (3.13) 

i 

is the pure gauge anomaly and can be written as |32l tHH] , 

Xf) = a.tri^^ + 7.(tri^')^ (3.14) 

Similarly, we may write 

xf)=Atri^'. (3.15) 
Thus, for each term (j3.1H) we have using (|3.14j) and (|3.15p 

J« = cSmr + ^trRhrF^ - ^tri^^ - ^7.(tri^^)^ . (3.16) 
Then it is clear that the factorization ()3.12j) is possible as long as 

aitri^"^ = . (3.17) 

There are two solutions to the above equation: i) either there is no fourth-order 
Casimir, or ii) ai = 0. The first possibility is satisfied for all the irreps of Es, E^, Eq, F4, 
G2,SU{3),SU{2),U{1), for the 28 of Sp(4) and SU(8) and all the irreps of S0(2n) 
with highest weight (/i, /2, /i, — /2, 0, 0) in the Gel'fand-Zetlin basis [7j. The case 
ii) is model dependent and should be solved in each case. 

Now if ()3.17|) is satisfied, then the anomaly can be locally factorized as in ()3.12p 
with 

ai + hci = ^ , ttibi = . (3.18) 

3 

Thus, ttj, biCi are the roots of the equation 

- - ^%Ci = . (3.19) 

This equation has real solutions (so that the anomaly can always be factorized) for 

Pf + 96cai>0. (3.20) 

Thus, for 

Ii > , (3.21) 

the anomaly can be cancelled by a GS mechanism (provided Eq. (j3.17|) is satisfied). 
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3.2 Global Green- Schwarz cancellation 

The locally factorized reducible part of the anomaly must also cancel globally. This 
follows from the fact that the 7D orbifold theory reduces in six dimensions to a 
Kaluza-Klein sum of massive modes, which do not contribute to the anomaly, and 
the massless 6D fields which do give an anomaly. This means that the reducible 
gravitational and gauge anomalies should be cancelled by a global GS mechanism. 
The irreducible part of the gravitational anomaly of an A/" = (0, 1) 6D supergravity 
theory with ny vector multiplets, ut tensor multiplets, and uh hypermultiplets is 
cancelled when [0] 



In the case of = 1, global cancellation of the anomalies leads to the global GS 
condition 



where Ui,Vi are constants. We will see that the combination of satisfying (jH.llll . 
()3.12|) . and ()3.23|) leads to very stringent possibilities for the boundary matter. 

For the case of rir > 1 one does not require the factorization ()3.23|) because the 
presence of additional tensor fields allows the reducible part of the anomaly to cancel 
via a generalized GS mechanism [32j . 




4 Gauge group analysis 

As we have seen previously, the dimensional reduction of the bulk gravity multiplet 
gives rise to the gravity multiplet, one tensor multiplet, and one hypermultiplet of 
the Af = (0, 1) 6D theory. However, this theory by itself is anomalous since Eq. ()3.22j) 
is not satisfied. We are then forced to introduce boundary fields such that in the 
resulting 6D theory the anomaly can be cancelled by a GS mechanism. The fields 
which can be introduced on the 6D boundaries are vector, tensor and hypermultiplets 
and we will discuss next the various possibilities for the boundary theory. 

4.1 riT = I 

In the case where there is only one tensor multiplet in the 6D theory, arising from 
the dimensional reduction of the bulk theory (so that Nt = Nt = 0), we are led to 
the constraint 



nv-UH- 29nT + 273 = . 



(3.22) 




(3.23) 




riH =nv + 244 . 



(4.1) 
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This means that we can add vector multiplets and hypermuhiplets on the boundaries. 
As discussed earher we will assume that on each boundary there is a gauge group Qi. 
For the hypermultiplets charged under the gauge group Qi, we will assume that under 
Qi X Q2 the total number of hypermultiplets consist of the following representations 

niidp,, 1) + n2(l, dp,) + {ns + 1)(1, 1) , (4.2) 

where dp. is the dimension of the fundamental representation of the group Qi, and 
ni,2,ns are constants representing the number of each representation. Note that we 
have automatically included the extra singlet hypermultiplet (or radion multiplet) 
arising from the dimensionally reduced bulk theory. Thus, assuming that the con- 
straint (j4.ip is satisfied, and simultaneously solving (|3.12p and (|3.23|) we find the 
following solutions: 





Til + n2 


ns 


G2 X G2 


20 


131 


F4 X F4 


10 


87 


Eq X Eq 


12 


75 


E-j X Ej 


8 


61 



We see from the table that the distribution of the 6D anomaly on the two bound- 
aries constrains the number of generations of fundamental matter that can be added. 
In particular consider the E^ x Eq solution. In this case we have 



iiR^ - -(trFf + trF| 



tri?2 + (i_!^)(trF2-trF| 



= (citri?2 + aiiiFl) (tri?^ + hiiiFl) 

+ (c2tri?2 + oatrFl) [iiR^ + foatrFl) 



(4.3) 



where ni+ n2 = 12, Ci = 1/2 + n/16, C2 = 1/2 — n/16 and = ^-t, 6jCj = with 
e± = ^ (4 - ± V(4 - n,Y + 8q(6 - nS) ■ (4.4) 



In particular if one boundary contains 3 generations of the fundamental 27 then the 
other boundary must have 9 generations. There are also {ni,n2) solutions (2, 7) and 
(5, 10), and similar exceptions exist for the other gauge groups. It is also possible to 
have two different gauge groups distributed between the fixed points. The complete 
solutions for exceptional groups can be found in Appendix C. It should be noted that 
in general, these solutions are not obtained from compactifications of the weakly 
coupled heterotic Eg x Eg theory [21] or from compactifications of the HW theory 
because the latter involves matter charged under both local gauge groups [TH IT^. 

The simultaneous constraint of satisfying ()3.12|) and ()3.23|) has restricted the 
possible gauge group structure on the boundaries. In particular notice that it is not 
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possible to have SU{n),{n > 3), SO{n), and Sp{n) on the boundaries because in 
order to cancel the fourth order Casimir one needs specific numbers of fundamentals 
which are incompatible with ()3.23p . For the SO{n) groups {n > 6) one can also try 
to add matter in the spinorial representations. However, in this case the fourth order 
Casimir cannot be cancelled as required by ()3.17|1 . 

Finally note that the six-dimensional theory may still be ill defined due to non- 
perturbative anomalies [^HlEnilZl- Global anomalies exist as long as T^eiG) is non- 
trivial. In our case only the gauge group G2 may be plagued by global anomalies 
since vre(G'2) = Z3. In particular, with np fundamentals of G2, the condition for the 
absence of global anomalies is np = 1 mod 3 ^7]. Thus, for the examples tabu- 
lated in Appendix C containing the gauge group G2, the absence of non-perturbative 
anomalies will further restrict the values of (ni,n2). 

4.2 nT> I 

More generally we can consider the addition of extra tensor multiplets, on the bound- 
aries in addition to the one arising from dimensional reduction. This means that 
we must now satisfy the irreducible anomaly constraint ()3.22|) . Once this is done 
the remaining part of the anomaly can only be cancelled by invoking the general- 
ized GS mechanism where the extra tensor multiplets are used to cancel part of the 
anomaly [H2]- 

This can best be illustrated by an example. Consider the product gauge group 
SO{ni) X S0{n2), where the hypermultiplets are in the representation 

(ni - 8){dp„ 1) + (n2 - 8)(1, dp,) + (ns + 1)(1, 1) . (4.5) 

Then by adding 3 tensor multiplets on each six-brane, the anomaly polynomial can 
be factorized in the form 

/g = ^ I [tiR^ + 2(trF2 + trF|)] ^ - 2 {2tTF^ + 2trF|) ^ - 4 (trF^ - trF|) ^ } 

= {citiR^ + aitrF^^) {tiR^ + bitiF^) - 3{trF^)^ 

+ (c2tri?2 + aatrFl) {trR^ + 62trF|) - 3(trF|)2 , (4.6) 

where Ci = 1/8 + n/16, C2 = 1/8 — n/16 and aj = C,±, biCi = with 

e± = ^ (1 ± VT^) . (4.7) 

As we can see by allowing more tensor multiplets on the branes, we obtain solutions 
which can involve gauge groups other than the exceptional groups. This implies 
that the class of anomaly free 7D brane worlds is much bigger than those arising 
from using the usual GS mechanism if one invokes the generalized GS mechanism. 
These solutions that require a multiple number of tensor multiplets on the branes 
are interesting because they are not derivable from ten-dimensional heterotic string 
compactifications. 
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5 Constructing the bulk-boundary Lagrangian 



We have seen that a consistent 7D orbifold theory can be obtained by adding bound- 
ary fields to cancel all the anomalies. Next we construct the locally supersymmetric 
bulk-boundary Lagrangian. The basic idea in theories with boundaries [S] is to intro- 
duce a globally supersymmetric theory at the boundary which is coupled to the bulk. 
The combined theory is then clearly invariant under local supersymmetry transfor- 
mations in the bulk, and global supersymmetry transformations on the boundary. 
To construct a complete locally supersymmetric theory, bulk-boundary interactions 
must be added (if possible). In the HW setup, the only theory which can live on the 
boundary is a super Yang-Mills theory since in ten dimensions this is the only super- 
multiplet of the A/" = 1 theory (besides the gravity multiplet, which in any case exists 
due to the compactification). Moreover, in the same framework, since there 

are no bulk or boundary scalars to organize a perturbative expansion, everything is 
given in terms of the IID Newton's constant and a dimensionless number (r/) which 
controls the boundary-bulk coupling. 

In our case, where the 7D supergravity Lagrangian is compactified on /'L2 with 
two boundaries the situation is more involved because of basically two reasons. First, 
the 6D (0, 1) theory has not only vector multiplets but also tensor and hypermul- 
tiplets. The second reason is that there are scalars in the bulk in addition to the 
scalars in the boundary theory. In particular, the couplings of the bulk scalars to the 
boundary theory are not a priori known. One way to construct these couplings is to 
use supersymmetry because the final theory should have local (0, 1) supersymmetry 
on the boundary (after dimensional reduction). The (0, 1) 6D pure supergravity the- 
ory was first considered in Ref . [SHI • The coupling of an arbitrary number of tensor 
multiplets to lowest order in the fermionic fields was considered in ^^-i while the 
coupling of a single tensor multiplet and an arbitrary number of hypers was studied 
in |in]- Following this work, it was shown in Ref. |S2] how the model of [Slj can 
be coupled to vector multiplets by employing gauge and gravitational anomaly argu- 
ments. Furthermore, this was shown to be related to the supersymmetry anomaly in 
Ref. IH]. The complete (0, 1) supergravity coupled to vectors and tensors has been 
constructed in |12] , and the inclusion of hyper multiplets has partially been obtained 
in |1S]- More recently, the most general up to date supergravity theory coupled to 
vectors, tensors and hyper multiplets has been given in j4"4] . 

Let us consider the most general globally supersymmetric theory on the boundary 
coupled to gravity, which contains ny vectors, ut tensors, and nu hypermultiplets. 
Then, the ut scalars of the tensor multiplet parametrize the coset 50(1, n^) / SO{nT) 
|39j . whereas the Ann scalars of the hypermultiplets parametrize a quaternionic man- 
ifold In the rigid (global) supersymmetric case, the scalar manifold of the ht 
scalars turns out to be fiat, while the scalars in the hypermultiplets now parametrize 
a hyperkahler manifold (see Table 1). Thus we see that the coupling of the 7D bulk 
scalars to the boundary theory should be such that, in the reduced 6D theory the 
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scalars in rij- tensors 


scalars in Uh hypers 


global susy 




4ni^-dim hyperkahler 


local susy 


SO{l,nT)/SO{nT) 


4n//-dim quaternionic 



Table 1: Scalar manifolds in the global and local case for tensors and hypermultiplets 

original hyperkahler scalar manifold of the hypermultiplets should transform into a 
quaternionic manifold, while the original flat E"^ scalar manifold for the scalars in 
the tensor multiplets should turn into the coset SO{l,nT)/ SO^ut). 

For the hypermultiplets, let us recall the corresponding situation in the M = 2 
4D theory. There, the scalar manifold for the hypermultiplets is hyperkahler in the 
globally supersymmetric case and becomes quaternionic in the local case. This is 
achieved by introducing gravitinos which are coupled to the 5'p(l)-connection of the 
hyperkahler manifold. Supersymmetry requires that this connection is no longer fiat 
(as was the case for global supersymmetry). The hyperkahler manifold is then re- 
placed by a quaternionic one and this is how, technically, the quaternionic structure 
arises in the local Af = 2 4D theory. In our case, the scalars in the hypermulti- 
plets that are added to the boundary also parametrize hyperkahler manifolds, but 
there are no boundary gravitinos which have to be added since the gravitinos simply 
emerge from the dimensional reduction. Thus, it appears that there is no obvious 
way to be consistent with 6D local supersymmetry, since the latter demands that the 
hyperkahler manifold must be quaternionic. 

However, recall that there is an SU (2) bulk gauge field which couples to the 7D 
gravitons. This plays the role of the SU{2){= Sp{l)) connection and as we will show, 
local supersymmetry in the 3^/7^2 compactification of the 7D theory demands that 
the SU{2) bulk gauge field is related to the Sp{l) connection of the scalar manifold. 
This boundary condition then determines the scalar manifold to be quaternionic. On 
the other hand, it is easy to see that with ut tensors on the boundary, there exists 
a coupling which is consistent with 6D local supersymmetry because in the reduced 
theory the scalar manifold for the scalars in the tensors changes from a fiat manifold 
to the coset S'0(1, n^)/5'0(?^T')• 
5.1 Bulk-boundary action 

The most general boundary theory contains vector, hyper and tensor multiplets. The 
boundary action may collectively be written as 

Sboundary = 'S'o + Sy M + Sh + St ■, (5.1) 

where S'o is given in ()2.17|1 and Sym^ Sh, St are the actions for the vector, hyper, 
and tensor multiplets, respectively. By demanding that both the bulk and boundary 
is locally supersymmetric, we will determine the action for vectors and neutral hyper- 
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multiplets. The case of gauged hypermultiplets can be generalized from the neutral 
hypermultiplet case, and the tensor multiplet case will be presented elsewhere. 



5.1.1 Boundary vector multiplets 

Let us start by considering the 6D globally supersymmetric action for vector multi- 
plets 

41 = -^2/ + \\'^T^D,\^^ , (5.2) 

where F^j, is the gauge field strength of the gauge fields propagating on the six-brane, 
and a is defined in Eq. fl2.9p . The supersymmetry transformations are 

6AI = laeV.W (5.3) 

SX^ = -^a-'T^'^F^^e. (5.4) 

In order to make the combined action Shuik + Sboundary locally supersymmetric, where 
the bulk Lagrangian is defined by ()2.1|) . we need to add an interaction ipSyM, where 
Sym is the supercurrent of the vector supermultiplet. This interaction is 

= -^2/ d'x^a-'^T'^Pr'^X'^F^^ , (5.5) 

and its variation cancels terms in Cym of the form DeXF and eipXDX, whereas the 
uncancelled part is 

A(^) = / d'x^a-'ijlT^'^'-'-F^^F^^e. . (5.6) 

Analogous to the IID HW theory we can cancel this contribution from the variation 
of the bulk term, by modifying the Bianchi identity as 

dFr,.,, = -3V2^5(x7)F[»,F;^] . (5.7) 

There is one more term in the variation of Cym which remains to be cancelled. This 
term comes from and 6X, proportional to a and o""^, respectively, and it is 

SCP^ = ^-i^ I d'x^a-'X''F^^,r^''r^ed.<P . (5.8) 

It can be cancelled by adding to the boundary action the term 

S?M = / d'xV^a-'X^F^^^T>^^x , (5.9) 
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where x is the partner of the bulk SU{2) vector multiplet. In the variation of Sy^.^, 
terms of the form eF'^x ^^^6 cancelled from the variation of cr~^ in Cym- The only 
uncancelled variation of Sy\i is 

A(2) = -^-i^ j d'x^ga-hV^'^'-^F^^F^^x • (5.10) 

This term should also cancel from a bulk contribution. Indeed, in the bulk action ()2.H) 
there exists the term xi^iFMNpg, and its variation will contain the term xDl^Fmnpq 
which after partial integration gives x^dF. In the usual theory without boundaries, 
this contribution vanishes due to the Bianchi identity. However, in the presence of 
the boundary, there is a contribution 

1 a-'^T^^MNP^Q^p^^^^^ ^ ^^a-'T^'^^'^F-F^^x , (5.11) 



as a result of ()5.7p and it is this bulk contribution which exactly cancels A*^^\ It should 
be noted that there are further terms in the variation of SyM and Syif which have 
to be checked. They arise from variations and x proportional to F^^pj and -F^7i"', 
and give terms of the form eFFfj_i,pi and eFFf^T. In particular, the only uncancelled 
variation of Sy\^ and Syl,^ so far is 

A(=^) = ^^-^ j d^x^a-'^e {T'^P-T''^ + UV^TPV^g'^f') ^F^pF.^p, . (5.12) 

There is an additional contribution from the variation of the bulk Fp^p-jF^'^P'^ term 
as in the HW case. The total variation can be cancelled by adding the term 

S% = ^^i=^ J d'x^g a-^rr^'^^A'^F,.,, . (5.13) 

Finally, the uncancelled variation proportional to eFF^i is 

^^'^ ^ aTK^ I ^'^v^^"r^''r^^;,^^7A'^ , (5.i4) 

which can be eliminated by adding the extra part 

4m = -:r4^, I d'xy/^aX'^r^F.j.^X'^ . (5.15) 



2^2 A 

Thus, the bulk and boundary actions ()2.1|) and 1)5.11) together with 



Sym = --^ I d^'x^J^ 



+ ia-i^^r'T^A'^F,; + -La-^x^F^J^^x 

1 a-^x''T^''PX''F^,pr + aX'^'V^F^y^ X] 



2AV2 2V2 



(5.16) 
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are invariant under the supersymmetry transformations (j2.2|) - (j2.7|) and (j5.3|) - (j5.4j) up 
to fermionic bilinear terms. 

Having obtained the locally supersymmetric action we can now obtain a relation 
between the boundary gauge coupling, the 7D Planck mass, and the mass parameter 
of the Chern-Simons term, by explicitly cancelling all the anomalies via the GS 
mechanism. First we must solve the modified Bianchi identity ()5.7j) . and as in |,3^ we 
introduce 

uj^yp = tr (^A^F^p - ^Ap [A^, Ap] + cychc perm.^ , (5.17) 

which satisfies 

dxUp^p + cyclic perm. = GtiFixpF^p] . (5.18) 
Then, (|5.7|) is satisfied if Fjp^p is defined as 

Fjpup = 4:d[7Ap^p] + -^6{x7)ujp^p . (5.19) 

Since under infinitesimal gauge transformations, 5^4^ = —DpS"', u transforms as 

dujp^p = 3d[pti{eF^p]) , (5.20) 
gauge invariance of F^p^p is achieved if A^p^, transforms as 

SArp, = -^SixjMeFp,) . (5.21) 

Solving the the Bianchi identity in the "upstairs" approach, or specifying the bound- 
ary behaviour of F4 in the "downstairs" version ^ we find, as in the HW case, that 
F4 has a jump at 2:7 = given by 

3 

Fp,,x = --j=-^e{xj)tiFyp,F,x\ , (5.22) 

and similarly at Xj = ttR. At the classical level, the transformation of the three- 
form under gauge transformations ()5.2H1 makes the Chern-Simons term in the 7D 
Lagrangian 1)2.11) not gauge invariant, but we will see that at the quantum level an 
anomalous fermion contribution will cancel the non-gauge invariant term and restore 
gauge invariance, much like in the IID HW theory. We will next consider the anomaly 
cancellation for both the gravitational and mixed anomalies. In order to do this, it 
is more convenient to use the downstairs approach in form notation. 

^In the downstairs approach, the theory is defined on x 3^/7^2, whereas in the upstairs version 
it is defined on Af ^ x with Z2-synimetric fields. The volume integrals in the former case is half 
the integrals in the latter one 3 , which means that is replaced by in 1)2. 
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The Chern-Simons term in the "downstairs" approach on the seven-dimensional 
manifold is 



Scs = — hF.AAs, (5.23) 

where ^3 is the three-form gauge field of 7D supergravity and F4 = dA^. On each 
component of the boundary, c^M^, we will have 



«:2 



-Qa , (5.24) 



uo^L = tiiuR-lu^] . (5.27) 



v^A2 

where the four-form Q4 is defined as 

Q4 = ^cstrR^-trF^ , (5.25) 

and ^cs is a numerical constant. We may now define Qs = C,cs^3L — ^3Y where as 
usual uj3Y,L are the Yang-Mills and Lorentz Chern-Simons terms 

UJ3Y = ti (^AF-^A^^ , (5.26) 
1 

3^ 

Then, we have the descent equations 

Q4 = dQs , 6Q3 = dQl , (5.28) 
for 6 gauge and Lorentz transformations which follows from 

dusL = tri?^ , 5uj3L = dul^ , 

doJzY = trF^ , StosY = dculy ■ (5.29) 

In the following we will not need the explicit forms of 003, ul- Then, following |mil47| 
US] we have 

^2 

so that 

MalaMr = -^/Ql ■ (5-31) 
This variation is extendable to the bulk by writing 

MsUa/t = dK , A|aM^ = -^J^Ql ■ (5-32) 
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Then, the anomalous variation of the bulk action is 



5Scs = -'\r / Ql^Q^^ (5-33) 



where is the boundary at X7 = 0, and it should be compensated by the anomaly 
of the boundary theory. Thus, the bulk anomaly eight-form for the Chern-Simons 
term Scs ()5.23p is 

Ics = -|^Q4 A Q4 . (5.34) 

However, these are not the only sources which contribute to the anomaly. In partic- 
ular, we expect a term (see Appendix B) 



Sr = -^r AsAtvR', (5.35) 

in the 7D action where is a dimensionful constant. As explained in Appendix B, 
such a term exists in the gauged 7D M = 2 supergravity theory resulting from the 
K2> compactification of the IID five-brane anomaly term, and is expected to survive 
after gauging. The anomalous variation of the term ()5.35|1 is 

5Sr = -^^^ [ QIa tri?2 , (5.36) 

so that the corresponding anomaly eight-form becomes 



Qi A iiW . (5.37) 



In addition, as follows from Section 3.1, the appropriately normalized anomaly eight- 
form for the boundary theory is 



(27r)^ 



^ [Ny -Nn + INr) {trR^- ^tri^^trF^ + ^ (trF^)^ 



(5.38) 



The reducible part of the anomaly eight-form from the bulk fields (j3.2p . is evenly 
distributed between the two fixed points and contributes a term 

= \ — (tri?2)2 , (5.39) 

(27r)4 2-5760 4 ^ ^ ' ^ ' 

at each fixed point. Finally, there exists a contribution to the anomaly arising from 
the gravitational Chern-Simons term ()7.1H) . The irreducible tiR^ part in Eq. ()7.14j) 
has been cancelled against the bulk and boundary irreducible parts of the anomaly. 
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The remaining contribution of the gravitational Chern-Simons term to the anomaly 
is then 



The total anomaly eight-form coming from the bulk, the boundary theory and the 
Chern-Simons terms is 



'total J-bulk 



+ hdy + Ics + Ir + Igcs ■ (5.41) 



It is a polynomial in (tri?^)^, tri?^trF^ and (trF^)^ and the vanishing of the total 
anomaly is equivalent to the vanishing of the coefficients of these terms. In particular, 
the vanishing of the (tri?^)^ and tri?^trF^ terms gives the conditions 



3207^05 - 80/3ecs + '2{Nv - A^^ + A^^) + 3 = , (5.42) 



384v^7r3e^— =p- S^^cs , (5.43) 



respectively, whereas the vanishing of the (trF ) specifies the dimensionless ratio, rj, 
as 

This relation fixes the gauge coupling. A, in terms of the gravitational coupling, k, and 
the topological mass parameter, of the Chern-Simons term. This is similar to the 
relation obtained in the HW theory except for the presence of the extra parameter, h. 
The difference is due to the fact that in the IID HW theory the Chern-Simons term 
is fixed by supersymmetry, whereas in seven dimensions the theory is supersymmetric 
up to an arbitrary topological mass parameter, h. 

Note that similar conditions to ()5.42|) . ()5.43p . and ()5.44p exist at the second fixed 
point = ttR. When the boundary theories at the two fixed points are the same, the 
anomaly cancellation conditions at = irR are identical to that at = 0. However, 
if the boundary theory at x'^ = ttR is different from the boundary theory at = 0, 
then the anomaly cancellation conditions must be solved for another set of C,csy ^^P, 
and 7. In this case a different value of is also needed at the second fixed point. 
This requires more general compactifications of the IID theory. 

The effective gauge coupling on the boundaries, A^g = A^(o"^) can be written in 
terms of the geometric parameters as 



A2,^2.^/^. (5,45) 

We see then that 7 must be necessarily positive in order to have no ghosts. In this 
case, decoupling gravity leads to an anomaly free theory as pointed out in [HHj . 
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5.1.2 Boundary hypermultiplets 

In the previous section we only considered boundary vector multiplets and their bulk 
couplings. We will now introduce hypermultiplets on the boundary and determine 
their supersymmetric interactions with bulk fields. Let us begin with the globally 
supersymmetric action for the hypermultiplet (99", (y) 

4°^ = I d'x^g {~^-g^p{^)d,^^d>^^^ - ^C^^TO^Cy) ■ (5.46) 

Here, 99" (a,... = l,...,4nH), C,^ (V', ... = l,...,2nH) are, respectively, the scalar and 
fermion components of the uh hypermultiplets on the boundary, and gap is the metric 
of the scalar manifold. The action ()5.46|1 is the standard M = (0, 1) globally super- 
symmetric action where the Ann scalars parametrize a space with Sp{nH) holonomy 
group, i.e. a hyperkahler manifold. The covariant derivative in ()5.46|1 is defined as 

= + Tl^d.^'^C'' , (5.47) 

where T^-^ is the Sp{nH) connection. We will demand invariance of the action ()5.46p 
under the supersymmetry transformations 

6ip" = If^V'^.ye'C , (5.48) 

^C"^ = Ifc VjV^d.^'^e^ . (5.49) 

where f^^ are also functions of the bulk fields, and Vai^ is the vielbein of the 
scalar manifold. The case fip = fc, = ^ corresponds to the M = (0, 1) globally 
supersymmetric theory. By simple inspection of the transformations ()5.48|) - ()5.49|) . 
we find that fip = f^^ in order that two consecutive supersymmetry transformations 
on produce a correctly normalized translation. Checking the supersymmetry of 
the action (|5.46p . we find that Vai^ is covariantly constant so that the vielbein satisfies 
the relations 

ga/sV'.YV^jZ = ei^evz , (5.50) 
VivV^^^ + V^ivV"'^ = g'^^Sj , (5.51) 

VivV^'^ + V^yV'^ = —g'"^5X , (5.52) 

where eij and ey^ are the Sp{ni) and Sp{nij) invariant antisymmetric tensors, re- 
spectively. We can now define a triplet of complex structures Ja/?/ as 

JaPi' = VyVp\ - Vpv'Vjy , (5.53) 

which obey the SU{2) algebra, and are covariantly constant with respect to the 5*^(1) 
connection uJi^ = ujai'' d(p°' , namely 

^jj = dJJ + uJi^J^^ - J, W = . (5.54) 
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The Sp{l) curvature two- form = ^Qa/^i^dip°' A d{p^ is 

= diui + tOi'' A ujk^ , (5.55) 

and the manifold is then quaternionic if 

^]i^■ = /iJi^ (5.56) 

for some constant /i 7^ 0, whereas it is hyperkahler if /i = 0, i.e. a hyperkahler mani- 
fold has vanishing 5*^(1) curvature. So far we have seen that the holonomy group of 
the scalar manifold should be contained in Sp{nH) x SU (2) as follows from the co- 
variantly constant vielbein Vai^ ■ However, after imposing the latter condition, there 
still exists an uncancelled term in the variation of ()5.46p under the transformations 
()5.48|) - ()5.49p . This term is explicitly written as 

= \j d^x^g ^'V^^V-d^^^V^^ed.f^ , (5.57) 

and we will return to this term shortly. 

As usual for local supersymmetry, we should add to the action ()5.46|1 the standard 
ip^Sn interaction where Sh is the supercurrent of the hypermultiplet. In particular, 
the term which has to be added is 

S^i^ = \j (fx^gf^i,^^ T^T^D^^'^VJCy . (5.58) 

However, due to the variation of C,^ in S^^ ^ we get an uncancelled term which is 

=-\j d^x^g f^^; V^^Pd^v^dy [VjVp.Y - V^j^V^iv) . (5.59) 

The only way to cancel A^"* is to find an opposite contribution from the bulk. As in 
the vector case, there exists a bulk term ip^j^T^^^^^ip^jFMNi 1 which can be shown 
to be supersymmetric by invoking a Bianchi identity. Using this term we may cancel 
A^"* in the downstairs approach by modifying the Bianchi identity to be 

DF^,,,^ = ^b{x,)d^^'^d,^<'j^p,' , (5.60) 

with /(^ = 0"^/^. The latter is also needed for cancelling ()5.57j] as we will see below. 
There are also other terms that need to be cancelled in S*^"*, which arise from the 
variation of ^Z)^, and are of the form F^yp-jdipe and F^n^dipe. The former can be 
cancelled by adding 

S'h^ = ^ / ^'^v^ a'/'V^,yC^m,^^x' , (5.61) 
SP = ^ I d'x^ o^l^-eT^^%yF,,,p . (5.62) 
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In addition, the variation of 5**^^^ with 5x ~ dipe exactly cancels (j5.57j) for = o^l"^ 
as promised. 

Finally there remains the cancellation of terms of the form C^F^ji-'dipt which arise 
from variations of if)^ and x proportional to F^-ji^e in S^^^ and S^^\ respectively. The 
uncancelled terms are of the form K.^^e^T^'^Cy'^M'^^^i^Tj' and Vai' e^CY^^'^''F^^j\ The 
former cancels exactly while the latter does not and so we have to look for a possible 
bulk contribution. We need to implement a correction to the supersymmetry variation 
of F^-jj"^ which then produces a contribution from the kinetic term of the two-form, 
just as there was in the vector multiplet case from the kinetic term of the four-form. 
The correction to the supersymmetry variation of -^^7/ is 

5X7/ = {vje^ - i^^l^a/e^) Cy ■ (5.63) 



Summarizing, the supersymmetric boundary action for neutral hypermultiplets is 



and it is invariant under the superymmetry transformations 



(5.64) 



5^^ = ia-VV^ye^C'^ , (5.65) 
K"" = VjV^d^ip'^e' . (5.66) 

Let us now return to the scalar manifold where the only constraint we have so 
far is that the holonomy group is in Sp{nH) x Sp{l). In 6D (as well as A/" = 2 in 
4D), TV = (0,1) supersymmetry requires that the scalar manifold be hyperkahler 
in rigid supersymmetry and quaternionic for local supersymmetry. It is interesting 
to see how the quaternionic structure arises. In the local case, the supersymmetry 
parameters are charged (with minimal coupling) under SU{2), and after a supersym- 
metry transformation a term proportional to the SU (2) curvature is generated from 
the gravitino kinetic term leading to a quaternionic scalar manifold. In our case, the 
gravitino is not minimally coupled to the SU{2) connection of the boundary scalar 
manifold, and it is not clear how to obtain a quaternionic structure as required by 
Af = (0, 1) 6D supersymmetry. 

Although the 7D gravitino kinetic term does not contribute to the Sp{l) curvature 
of the scalar manifold, there is a contribution from the Bianchi identity ()5.60|) . Indeed, 
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either from the Bianchi identity or in the downstairs approach, we find that the 
boundary value of the SU{2) bulk gauge field is 



F^^^i' = -^K^d^ifi'^d^ipfj^pi^ . (5.67) 

It is more convenient to use form notation so that the boundary value of the SU (2) 
field strength can be rewritten in the form 

Fi^9M^ = -^t^{ip*J)i' , (5.68) 

where, as usual, {^p*J) is the puUback of J on M'^ defined as 

{^*J)i' = \Jap^' d^^'^d,^^ dx^ A dx'' , (5.69) 

and similarly for higher-order forms. Since we have that DFi' = VJf' = 0, we obtain 

A,^\9Mr = --i^*uj),^ , (5.70) 
9 

where {lp*uJ)i^' is the puUback of the Sp{l) connection in the scalar manifold. As a 
result, the boundary value Fi^ = dAf^ + igAi' A At-' is proportional to the pullback 
of the Sp{l) curvature two- form of the scalar manifold 

F^^\aM^ = --(^*^^)/ . (5.71) 
9 

Then, using Eq. ()5.68|) we obtain 

2 

so that, the scalar manifold is indeed quaternionic as required by A/" = (0, 1) 6D local 
supersymmetry. 



6 Phases of the Boundary Theory 

We have seen that the supersymmetric vacua of the Af = 2 7D theory are pure 
AdSj, and the two-brane Randall-Sundrum configuration (RSI). There also exists 
the one-brane Randall-Sundrum vacuum (RS2) |j2j , where a single six-brane is sitting 
at X7 = 0. It is obtained by omitting the last e and S functions in eqs. fl2.16|) and ()2.17|) . 
respectively. The metric is still given by ()2.25p . except that now < y < 00, and the 
singularity at ?/ = is resolved by placing a positive-tension brane there. In this case. 
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only the graviton is localized on the brane so that there exists an A/" = (0, 1) 6D theory 
on the brane. Again, the 6D theory is anomalous (since Eq. ()3.22j) is violated) and we 
should again include matter fields on the brane to cancel the anomaly by a local GS 
mechanism at the single point ?/ = as we did before. The only differerence with the 
two-brane RSI vacuum is that here we have only local cancellation of the anomaly 
since global and local cancellations coincide (only one brane). Thus, the irreducible 
part of the anomaly cancels if Eq. ()3.22|) is satisfied and then the rest of the anomaly 
should be cancelled by a 6D GS mechanism. As a result, any anomaly free 6D theory 
can be put on the brane leading to a consistent M/Z2 "compactification" of the 7D 
M = 2 theory. There are many 6D theories which can exist on the boundary. In 
the case of one tensor multiplet, some of them can be obtained from heterotic string 
compactifications like x E-j, and others like SU{n) x SU{n) with matter in the 
representation (n, n) + (n, n) + 242(1, 1) described in jSIj do not arise from any known 
compactifications of string theory. In the case of more than one tensor multiplets, 
a generalized GS mechanism may operate as in [32J. As a result, any anomaly free 
TV = (0, 1) 6D theory can be lifted to the boundary of a 7D M = 2 one-brane 
vacuum. The boundary 6D theory can be consistently coupled to the 7D bulk in a 
similar fashion as considered in the previous section. 

In the two-brane scenario, it is also interesting to consider the two possible limits 
-R — > 0, -R ^ cxD in the ut = 1 case. These limits correspond to coincident branes 
and a single brane, respectively. As we have discussed earlier, the anomaly must be 
factored both globally and locally. In particular, we have seen that, due to Eq. (j3.18|) 
the local anomaly p.lip can be written in the form 

= {diiR^ + \ai\iiF^) (tri?2 - \bi\iiFf) , (6.1) 

where |aj||6j| = |7i > 0. Then it is possible that a phase transition on the boundary 
may occur. This is because the factorization 1)6.111 is correlated with the gauge kinetic 
terms on the boundary via 



-{\a,\a-^-\h\a^)tiFf , (6.2) 
and the gauge coupling on the boundaries always becomes infinite at the value 



= ^ . (6.3) 

As the radius of the 3^/1^2 compactification is i? ~ a^^, there is always a value of R 
where the gauge coupling blows up and a phase transition takes place. Thus, one of 
the limits R —>■ or R 00 drives the gauge theory to a phase transition where 
the number of massless degrees of freedom rearrange themselves such that the 6D 
theory remains anomaly free. One of the possibilities for this singularity is that it 
could signal the appearance of tensionless strings [13 EDI • This behaviour is novel 
and it does not occur in the HW scenario. 
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Although the coincident hmit of the two branes is unique, the hmit i? — > oo can 
be taken in two ways. We can either send the UV or the IR brane to infinity. When 
the IR brane is sent to infinity the locahzed theory on the UV-brane is simply the 
single brane vacuum considered above, and the 6D boundary theory is anomaly free. 

On the other hand when we send the UV brane to infinity there is no longer any 
localized graviton on the IR brane. This is due to the fact that the bulk theory is 
AdSj. Thus there are no gravitational anomalies in the 6D boundary theory. However 
there are still vector and tensor multiplets on the boundary which give rise to gauge 
anomalies. Assuming that the hypermultiplet and tensor also decouple (since they 
arise from the 7D gravity multiplet), we are left with ny vector multiplets, one 
tensor multiplet and one neutral hypermultiplet on the IR brane where the latter are 
localized in any case there. The theory is then anomaly free as long as 72 > as 
discussed in |35] . 

There is also a dual description of our anomaly free 7D brane worlds. This is 
similar to the HW model where the dual description of the IID supergravity is the ten- 
dimensional strongly coupled Eg x heterotic string theory. Since the vacua of the 
7D brane worlds is AdS-i, we simply rely on AdS/CFT correspondence [THll^l^ l^ 
to identify the dual description as a 6D strongly coupled CFT. These field theories 
are very interesting since by the AdS/CFT dictionary the fields on the UV brane 
correspond to fundamental fields added to the CFT, while fields on the IR brane 
are bound states of the CFT. For example, since the gauge group is in general a 
product group Qi x Q2, this means that the Qi gauge fields are fundamental, while 
the Q2 gauge fields are composite in the dual description. In addition since gravity 
is localized on the UV brane, we must add a 4D gravity multiplet to the dual field 
theory. Unlike the HW case, where the dual theory is identified as the lOD heterotic 
string theory, not much is known about the dual 6D theories of our 7D brane worlds. 
These await further investigation. 

7 Conclusions 

We have constructed anomaly-free seven- dimensional brane worlds based on the min- 
imal M = 2 7D gauged supergravity. Under an S"^ /'L2 compactification, we showed 
that the resulting spectrum is the chiral M = (0, 1) 6D supergravity. In order to main- 
tain supersymmetry, we introduced two six-branes of opposite tension at the orbifold 
fixed points. Since there exists a negative bulk cosmological constant, this leads to 
a 7D vacuum solution which is a slice of AdS^. However, unlike the celebrated 5D 
Randall- Sundrum solution, where there are no constraints on the boundary theory, in 
our case, anomaly cancellation puts stringent restrictions on the possible boundary 
matter content. This is because there are gravitational anomalies in six dimensions. 
This is analogous to the HW model, where the cancellation of lOD gravitational 
anomalies uniquely specifies the boundary theory to be Eg x Eq with an factor 
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localized on each boundary. In contrast, while there are many anomaly-free 6D theo- 
ries, the boundary matter content of our 7D brane world is nevertheless constrained. 
In particular, for the case of one tensor multiplet and gauge groups containing the 
standard model, only exceptional groups are allowed on the boundaries with a fur- 
ther restriction on the number of fundamental generations. If one allows n-r > 1 then 
using the Sagnotti mechanism many more possibilities exist for the boundary theory. 

We also explicitly constructed the locally supersymmetric bulk-boundary La- 
grangian, up to fermionic bilinear terms, for a boundary vector multiplet and hyper- 
multiplet. The case of the vector multiplet relies on the modification of the Bianchi 
identity of the four-form field strength. This is very similar to what happens in 
the HW model. Moreover, anomaly cancellation fixes a dimensionless ratio 1], formed 
from the boundary gauge coupling, the 7D gravitational coupling, and the topological 
mass parameter of the Chern-Simons term. Again this is analogous to a similar rela- 
tion in the HW theory, except that now there is a dependence on the extra parameter 
from the Chern-Simons term. However, the case of boundary hypermultiplets has no 
counterpart in the IID HW model. For these boundary fields we had to modify 
the Bianchi identity of the bulk gauge field resulting from the gauged R-symmetry. 
This modification was also crucial in showing that the scalar manifold of the bound- 
ary hypermultiplets becomes quaternionic, as expected in the locally supersymmetric 
limit. 

The brane worlds constructed in this paper are a first step in obtaining boundary 
theories which have the standard model matter content. For example, one can envis- 
age compactifying the six-branes in our anomaly-free models on the sphere with a 
monopole background [21] to obtain an effective four- dimensional chiral theory. This 
would be the counterpart of the Calabi-Yau compactifications of M-theory, except 
that in our case the bulk space is AdS, and not Minkowski. In addition there is also 
the intriguing question of understanding the dual formulation of our models. By the 
AdS/CFT correspondence our 7D brane worlds are dual to a class of 6D strongly 
coupled conformal field theories. These 6D theories must necessarily include funda- 
mental fields associated with the localized fields on the UV brane, such as the 4D 
gravity multiplet, and any gauge and matter fields, while for the fields localized on 
the IR brane, they will appear as bound states of the CFT. Our 7D AdS brane worlds 
suggest a way to study these mysterious hybrid 6D theories further. 
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Appendix A 

The 8 X 8 6D gamma matrices satisfy the Chfford algebra 

{7^7^} = 27y-^ a,/3 = 0,l,...,5 (7.1) 
with r)ai3 — diag(— , +, +). The matrix 7^ is defined as 

7^ = 7V-f, (7^ = 1, (7.2) 
and the 8x8 matrices = (7", 7''') satisfy the 7D Chfford algebra 

{F^, F^} = 277^^ , A,B = 0,1,. ..6 (7.3) 
All 7D spinors are symplectic-Majorana 

x'-e'^xj, Xi = X'^^o, (7.4) 
and SU{2) indices i,j — 1,2 are raised and lowered as 

X ^^Xj 1 Xi X'^^ji 1 ^"^ ^ij ^ g ^ ■ (7-5) 

A 7D spinor decomposes into = x+ + X~i where x'± ai'c 6D symplectic Majorana- 
Weyl spinors satisfying 77%!^ = ±X±. Contraction with the S'[/(2)-invariant anti- 
symmetric tensor is always understood in spinor inner-products, e.g. xF^^*^'^ = 
^ipABC^^ As a result we have 

^pAi...A„^ = (-l)>F^"-^iX ■ (7.6) 

The same conventions also hold for 6D spinors. Finally, the Riemann tensor is 
R^^MN = Omujn^^+ujm'^'^ujnc^-M ^ N, and the Ricci scalar R = R-^^ MNeA^ ■ 
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Appendix B 



Let us now see how the dimensional reduction of the interaction term F4 AX7 of IID 
supergravity gives rise to a gravitational Chern-Simons term, Sees and the term Sr 
in (j5.35|) . In IID supergravity the correct normalization of the F4 A Xj term is 

1 / 4,r2 ^ 



where Ku is the IID Newton's constant. Upon compactification on K3, the above 
interaction gives rise to two terms in the 7D effective supergravity action 

1 /47r2^^/=^ 



and 



^^^^ = 2 [Wj [Jk3^' ] I Xr^^a I Xr, (7i 



1 / 47r2 ^ 



"11/ J JK3 

According to [S^ljISn], the F4-fluxes are quantized as 



F4= (67r)^/3/€if n , (7.10) 

C4 

where n is an integer or half-integer. If C4 is the K3 surface, we obtain for Sees the 
result 

Sgcs = nn J X-r , (7.11) 

so that C,G = 'mr and X7 is a 7D Chern-Simons term satisfying 

1 1 



Xg = dXj 



(27r)4 192 



i(tri?2)2_tri?4 



(7.12) 



Under diffeomorphisms, Xj transforms as X7 — > X7 + dXQ^\ Thus, on a manifold 
with a boundary, the anomalous variation of Sqcs is 

5Sgcs = ^g J X^'\ (7.13) 

and the corresponding anomaly eight form is then 

Iocs = ^Xs [6{y) -6{y-7rR)] , (7. 14) 
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and similarly at y = ttR. 

Performing the integral in ()7.9p . it is not difficult to see that 



^3= / Xr = ^ ^^_,, UJ3L , (7.15) 

'K3 



4- (27r)2' 



so that the term Sr can be written as 



1 / i^'' ^ 



'--^rWT'iW.^ /^3Atrfl^ (7,16) 



Thus the coefficient in ()5.35|) is determined to be 



^2 N 1/3 / ^2 X 1/3 



where Vks is the volume of K3 and the relation k^^^ = Vksi^"^ between the IID and 
7D Newton constants kh and n, respectively, has been used. 
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Appendix C 



We tabulate here all the solutions which satisfy the anomaly constraint conditions 
for nj- = 1, and matter content (j4.2j) . 



G^ X Co 


frzi . no. tiq) 


Ea X Fj-7 




Eg X Eg 


(0,18,83) , (1,8,105) 




(0,17,101), (1,7,113) 


Fg X 6-2 


(0,11,428) , (0,46,183), (1,16,145), (2,1,2) 


Ft X E7 


(ni , 8 — ni , 61) 


F7 X Eg 


(m, 14 - 2ni, 76 - 2ni), (2,7,153) 


Er X F4 


(rii, 13 - 2^1, 90 - 4ni), (2,6,160) 


F7 X G2 


(ni, 34 - 6ni, 152 - 14ni), (1,12,250), (2, 13,187), (6,7,5) 


Eq X Eg 


(ni,12-ni,75), (2,7,156) 


Eg X F4 


(ni,ll-ni,87-ni), (2,6,163),(5,9,4), (7,1,158) 


Fe X 6-2 


(ni, 28 - 3^1, 139 - 6ni), (0,12,251), (2,13,190), 
(3,14,156), (5,22,46), (9,6,50), (10,7,16) 


F4 X F4 


(ni,10-ni,87), (1,6,165), (4,9,9) 


F4 X G2 


(ni,25-3ni,134-5ni), (1,13,192), (2,14,159), 
(4,22,51), (8,6,59), (9,7,26) 


G2 X G2 


(ni,20-ni,131), (1,14,166), (6,19,96), 
(7,22,68), (8,28,19) 
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